Abstract -In this paper, we propose a method combining an accelerometer with a cross structured light system to estimate the golf green slope. The cross-line laser provides two laser planes whose functions are computed with respect to the camera coordinate frame using a least square optimization. By capturing the projections of the cross-line laser on the golf slope in a static pose using a camera, two 3D curves' functions are approximated as high order polynomials corresponding to the camera coordinate frame. Curves' functions are then expressed in the world coordinate frame utilizing a rotation matrix that is estimated based on the accelerometer's output. The curves provide some important information of the green such as the height and the slope's angle. The curves estimation accuracy is verified via some experiments which use OptiTrack camera system as a ground-truth reference.
Introduction
The laser structured light system has been used for several decades in many areas since it provides high accuracy 3D measurement. It is applied for welding detection [1] , 3D depth map construction [2] , polyhedral surfaces location and orientation [3] , and 3D object identification [4] . The laser structured light system consists of a laser (line or cross type) together with a camera. The laser projects a line (or cross line) on the scene and the camera captures images containing the projection. For each laser point in each image, the 3D position can be computed if the relative pose between the laser and camera is known [5] .
In this paper, we apply a laser structure light system to a golf green slope angle estimation problem. In the golf putting, it is important to correctly estimate the green slope angle. However, it is not always easy to read the green slope correctly [6, 7] , which is especially true for novice players. Inclinometers (placed on the green) are often used to aid the slope angle estimation [8] . Although the inclinometer gives an accurate slope angle, it can give only one point slope angle. We propose a new method of estimating the green slope angles combining a cross laser structured light and an accelerometer. The accelerometer is used to estimate the attitude of the camera, which is needed to transform the 3D position data (which is described in terms of the camera coordinate system) into the slope angle. Since smartphones contain an accelerometer sensor unit, the proposed system can be constructed by simply attaching a laser to a smartphone. This paper is organized as below. Section 2 shows problem formulations and solutions. In Section 3, we introduce a camera and laser plane calibration problem and in Section 4 we present a slope estimation algorithm. The experimental results are given in Section 5 and conclusions are presented in Section 6.
Problem Formulation
During the putting time in the golf, one of the most important things is to predict the motion of ball near the hole. The trajectory of the ball depends heavily on the slope but sometimes it is not easy to correctly estimate the slope angle. In this paper, the slope angle is estimated using a camera, a cross laser and a three axis accelerometer unit.
There are four coordinate frames: world, accelerometer, camera and laser coordinate frames. The z axis of the world coordinate system coincides with the local gravitational (upward) direction. The x direction is not important and can be chosen arbitrarily. The three axes of the accelerometer coordinate system coincide with three axes of an accelerometer unit. The z axis of the camera coordinate system is defined as shown in Fig. 1 , which is the standard way to define the camera coordinate system. One line of the cross line laser is assumed to lie on the zx plane (plane 1) of the laser coordinate system and the other line is assumed to lie on the yz plane (plane 2) of the laser coordinate system. Here the cross laser lines are assumed to be perpendicular.
We need to know the relative attitude between the accelerometer unit and the camera as well as the relative pose between the laser and the camera. Let rotation matrix 3 is not required in this paper since only the attitude is essential. The relative pose between the laser and camera can be expressed using two plane equations with respect to the camera coordinate system [9] (see Fig. 2 ): d , which are computed in Section 3.1 and 3.2. The camera intrinsic parameters are computed using the method in Chapter 11 of [10] .
Sensors Calibrations
In this section, the calibration parameters are computed, where a checkerboard with known checker size is used.
Computation of n 1 , d 1 , n 2 and d 2
A checkerboard is placed on a flat table. Without losing generality, it is assumed that the checkerboard is on the xy plane of the world coordinate system. With arbitrarily chosen position and attitude, two pictures are taken with and without cross laser lines alternately. After that, the camera position and attitude are changed and two pictures are taken again by the same way. This step is repeated cal N times and an index ( )
is used to denote the step number.
Two line equations are derived for two cross laser lines in the checkerboard (see Fig. 4 for one laser line). Let two line equations (line equations are derived using points in the normalized image plane) are given by 1, 1, 
where , , , 
In (4), the plane 1 c is expressed in the camera coordinate system. Note that there are three planes in Fig.   Fig. 1 between the camera and the world coordinate systems using the method in [11] so that the following is satisfied for a vector
The checkerboard plane equation (which is assumed to be on the xy plane of the world coordinate system) in the world coordinate system is given by:
where
Combining (5) and (6), the checkerboard plane equation in the camera coordinate system is given by:
where 
where [ ]
is the unit norm vector. Since the intersection line between plane 1,i c and checkerboard plane is the same as the intersection line between plane 1 l and checkerboard, the following is derived using (4.72) in [9] : 
In (9), ( ) N a denote the normalized vector of a vector a. Note that the unknown parameters in (9) are 1 n and 1 d . Equation (9) can be written in the following form: ( )
can be written as: 
The solution to (12) is given in A5.4.2 of [12] . Thus we can compute the plane 1 l equation in the camera coordinate system. Using the exactly same method, we can compute the plane 2 l equation in the camera coordinate system as well.
For an arbitrary image point ( )
, a a x y given on the laser plane 1 l , the corresponding 3D point in the camera coordinate frame is computed as
where a s is a scaling factor computed based on the following:
Rotation matrix between the accelerometer and the camera coordinate system
The rotation matrix between the accelerometer and camera coordinate systems can be computed using the method proposed in [13] . The rotation can be estimated by having both sensors observe the vertical direction in several poses. In detail, the accelerometer measures the gravitational force while the camera captures vertical landmarks. We note that the system is static while taking data so the accelerometer only measures the gravitational force.
Slope Estimation
In this section, we propose a method to detect the golf slope using a cross-line laser system. The intersections of the laser planes and the golf slope create two curves as can be seen from Fig. 5a . From the calibration step in the Section 3, all 3D points of two laser planes are known in the camera coordinate frame if their coordinates in the camera images are defined. Based on that fact, the intersections of two laser planes and the golf slope can be approximated as two high order polynomials with respect to the camera coordinate frame. These curves are then expressed in the world coordinate frame by utilizing an accelerometer. The purpose of the accelerometer is to measure the gravitational force in order to estimate the relative pose between the system and the world coordinate frame. Since the camera images contain two laser stripes, our first step is to distinguish each 2D stripe in the images and later estimate the curves in 3D with respect to the world coordinate frame.
Curves distinction
Since the relative position of the camera and the laser is fixed, the intersection of two laser planes is also fixed with respect to the camera coordinate frame. Thus this intersection line is fixed in the image and can be used to distinguish two intersection stripes of laser planes and the golf slope.
Assume that 1 Q and 2 Q are two points in two laser planes' intersection line 1 L , and their coordinates in the image coordinate frame are Fig. 5a ). The equation of the laser planes' intersection line in the image coordinate frame can be identified by 1c Q and 2c Q as follow:
In x , y between two curves in 1 L can be approximated by:
where k is number of point ( ) y a x b = + and 0 x x = split the image into four parts (see Fig. 5b ). All laser points which belong to the part one and part three must be in the curve 1, and the rest must be in the curve 2. In other words, the condition of a point ( , ) j j x y in curve 1 is:
0,
0.
An easiest way to define laser points in the image is to subtract two images which are captured in sequence so that the laser is turned on in the first frame while in the second frame the laser is off. By subtracting two images, an image that contains only laser stripes is obtained. This image is then converted from RGB format to Gray format in order to define the laser point coordinates which have higher intensities than the background. Conditions (16) and (17) are then used to classify point coordinates belonging to the first or the second curve.
Curves estimation
After obtaining a set of points belonging to the first and second curve, respectively, two basic curves are created based on representative points in each column in the image. An illustration for this process is described in Fig. 6 where a gray image of the laser line is constructed. A set of bright point coordinates collected from the gray image are subpixelled based on following weighting method [14] : in each k x th − image column, k y is computed by: x y , I is larger than a chosen intensity threshold and n is the number laser points included in k x th − image column. The basic curve formed from sub-pixelled points is then approximated to a high order polynomial in order to get a smooth curve function in the image frame.
Based on calibration steps the estimated curve function now can be expressed in the camera coordinate frame. Our next destination is to describe estimated curves with respect to the world coordinate frame as our goal is to estimate the golf slope in real situation. The procedure of golf slope estimation is briefly sketched out in Fig. 7 where an accelerometer was used together with a laser-camera system. The most important factor in estimating golf slope is the vertical which can be represented by the gravitational force. It is assumed that while capturing the golf slope the system is not moving. This assumption guarantees that the output of the accelerometer only contains the gravitational acceleration. Since the x and y direction of the world coordinate frame are not important, the rotation from the accelerometer coordinate frame to the world coordinate frame can be estimated by applying a triad algorithm [15] for the following: R be the rotation matrix from the camera coordinate frame to the accelerometer coordinate frame. Since the translation between the camera, accelerometer and world coordinate frame is not important, the origins for these three coordinate frames are assumed to be in the same position. For a point c Q in the camera coordinate frame, its coordinates in the world coordinate frame can be express by 
where T is the intrinsic matrix obtained from the camera calibration step [10] . Note that 
Slope surface reconstruction
Section 4.2 gives two laser stripes of coordinate points which represent the captured slope surface. However, only by looking at these two 3D stripes, it might be difficult for the users to imagine the slope. The objective of this section is to reconstruct the slope surface based on given 3D coordinate points.
The reconstruction method used in this section was proposed by John R. D'Errico [16] . In [16] , the interpolation problem is expressed as a linear algebra problem such as:
where the vector x has nx·ny length ( nx is the number of nodes in the x direction, and ny is the number of grid nodes in the y direction). Thus A p has n p rows, corresponding to each data point supplied by the user, and nx·ny columns. At every node of the surface, interpolation algorithm will try to make the partial derivatives of the surface in neighboring cells to be equal. As the result, we have the linear equation
where the derivatives are approximated using finite differences of the surface at neighboring nodes. The combination of (22) and (23) results an optimization problem as follow: find x to minimize
where λ is a chosen parameter nominally 1 allows the user to control the relative grid stiffness.
Experiments
In this section, we verify the accuracy of the proposed system through experiments.
Flat slope angle estimation
In this experiment, the accuracy of flat slope angle estimation using the proposed system was investigated by measuring the angle error between a flat plane and the vertical. In reality, the golf course is almost flat and has a Fig. 8 . Slope angle estimation experiment setup small decent angle that can be approximated as a tilted flat plane. The experiment setup is described in Fig. 8 where the proposed system projects a cross laser line on a flat plane to estimate the flat plane's 3D equation. The angle of the slope can be deduced from the angle formed by the flat plane's normal vector and the vertical vector. The estimated angle is compared with the value obtained from an inclinometer to evaluate the estimation accuracy.
The flat plane was placed in various positions with different angles with respect to the vertical. Projection points from the laser are approximated as a plane in the camera coordinate frame using a least square algorithm [17] . A normal vector computed from the plane's equation is then expressed in the world coordinate frame. This vector makes an α angle with the vertical vector that is compared with the ground truth angle α obtained from an inclinometer to find the estimation error α :
Ten measurements of the slope angle are shown in Table  1 . As can be seen from Table 1 , the estimation gives a high accuracy with a mean average error of 0.0910° where the maximum error was 0.201°. In application, the angle of the slope can be computed by
Complex Slope Angle Estimation
This experiment provides a 3D view of a complex slope with respect to the user view. Based on the estimated laser projection curves the slope is depicted with the slope's characteristics such as relative height and angle. In this experiment, a green slope model with 1 Fig. 9a . Fig. 9b represents the slope via estimated height while Fig. 9c shows the estimated angle of each point in the laser projections with respect to the world coordinate frame. The color in Fig. 9b changes from purple to yellow respectively with the relative height from the smallest value ( 0mm ) to the largest value (180mm ). Similarly, Fig. 9c illustrates the angle value of each point. The yellow color indicates that at that point the angle of the slope is 16 .
The slope angle is computed based on the tangent of the slope at each point corresponding to the horizontal plane. To reduce computation, the process of defining the slope angle is sketched as following:
Rotate each laser plane so that its normal vector coincides with the vertical vector. Thus the 3D laser curve becomes 2D in 0 z = plane. Compute the tangent vector at each point in 2D. Convert the tangent vector back to 3D in the world coordinate frame. Compute the slope angle α made by tangent vector and the vertical vector n z :
The estimated slope accuracy is evaluated using the OptiTrack camera system. The overview of the experiment is described in Fig. 10a where a green slope model is set within the camera system's working field. Projecting the cross-line laser on the slope model, the 3D shape of the slope is computed and expressed in the world coordinate frame using proposed algorithm in Section 4. To verify the accuracy of the estimation some circle markers are placed on the laser projection stripes so that centers of the markers lie on the stripes. These markers are observed by the camera system to give the ground truth values that will be used to compare with the corresponding points in estimated curves (see Fig. 10b ). The position of the markers in the camera image can be defined by extracting circle shapes as can be seen from Fig.  11a-b . Fig. 11a-b shows the coordinates of nine markers in the world coordinate frame as well as the corresponding points estimated from the proposed system. The result is given in Fig. 12 , where the proposed system provides an accurate estimation of the slope since the estimated points are close to the true values. The estimation accuracy is also investigated through five times measuring the slope in different poses of the laser system. The result is given in Table 2 . Table 2 shows the distance error of each point corresponding to the marker position in millimeter. The root mean square of the distance error is used as an evaluating criterion. The table indicates that our proposed system provides an accurate estimation of the golf slope with the mean distance error of 3.34mm .
To provide a visual expression for the user, the surface of the slope is reconstructed based on the estimated laser points. Fig. 13 shows the reconstruction result of the slope. The height of the slope is represented by color for an easy imagination. By looking at the reconstructed slope, the user can easily understand the slope and have a better prediction of the golf ball trajectory.
In this experiment, the reconstructed surface was built based on 831 3D laser points within 0.072 seconds in a Core i5 3.00GHz, 8GB RAM PC. This speed implies that the proposed method can be applied in a smartphone for a quick surface generation for golfers while playing.
In the next experiment, we examined the effect of the grass on the green surface on the slope estimation quality. In reality, there are grasses in the golf green, however, is very short (from 2.25 to 4mm [18] ) and dense. In this experiment, we check the feasibility of extracting laser stripes in an artificial grass environment. The experimental object was a golf hitting mat with 5mm height grass. The experimental process was the same as it is proposed in Section 4 with image subtraction to obtain laser stripe from captured images.
The result in Fig. 14 shows that, the system can extract the laser stripe successfully in grass slope. After this step, the slope is estimated totally the same as it is mentioned in Section 5.
Conclusion
The paper proposed a system consisting of an accelerometer, a cross structured light and a camera to estimate the surface structure of the golf green slope. In order to estimate the golf slope, a method to detect laser planes as well as laser projection curves was proposed. Laser projections are separated by utilizing the fact that the intersection of two laser planes is fixed with respect to the camera and image coordinate frame. After the projections are distinguished, the laser planes' equations are computed using an optimization problem. Hence, all the intersection point coordinates of the laser planes and the slope can be computed with respect to the world coordinate frame. Based on these points, the slope surface is reconstructed using an interpolation method.
To verify the feasibility of the proposed system some experiments have been done. The result shows that our system can work with a high accuracy of 0.1° in flat slope angle error and 3.34mm for mean distance error in complex slope. In addition, an experiment on an artificial grass mat verified that the system still can extract the laser points from the grass surface.
Using the system, the golf slope is presented in 3D that provides an insight view of the slope's characteristics for the players. Furthermore, the system is light, simple and cheap, which can be easily applied in a smart phone where a high resolution camera and an accelerometer are available. By simply attaching a laser light the smart phone can become our proposed system which is very convenient for players to use in the golf field.
